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G O L O G I C A L  BEHAVIOR OF DILUTE SUSPENSIONS 
? 8  OF SOLID VISCOEIASTIC S P H E ~ S  IN A NEWTONIAN FLUID] 

. ' ,  
-c - .  

'2 J. D. Goddard and Chester Mille+ 

An analysis is  presented of the motion of individual Epheres of a 

viscoelastic solid suspended i n  a Newtonian f l u i d  which undergoes a time- 
* 

dependent homogeneous deformation.. For the case of small deformation of 

the par t ic les ,  the resu l t s  of t h i s  analysis are then employed t o  deduce 

the macroscopic rheological behavior e f  a d i l u t e  monodisperse suspension 

of such par t ic les .  

For the special  case of purely e l a s t i c  par t ic les ,  the rheological 

re la t ion obtained here ie found to d i f f e r  from tha t  presented i n  an e a r l i e r  

work of' Fr8hlick and Sack (1946), by the appearance of cer ta in  nonlinear 

terms i n  the ra te  of deformation tensor. Moreover, the equation presented 

here f o r  e l a s t i c  par t ic les  turns ou t  to  be a special  case of Oldroyd's 

(1958) general equation, wi th  constants which can be d i r ec t ly  related t o  

the suspension properties 
I 

" -  
(CATEGORY) INAEA OR OR TMX O R  AD &UMBER) 

The problem of deducing the.crt?tically the macroscopic rheological be- l 
I 

havior of microscopically heterogeneous f lu ids  has recelved considerable 

a t tent ion 

*University of Michigan, Department of Chemical and Metallurgical Engineer- 

I 

1 dating from the celebrated ear ly  work of Einstein on t h e  

i n g ,  Ann Arbor, Michigan. 
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*viscosi ty  of d i l u t e  suspensions of so l id  spheres  i n  Newtonian l i qu ids .  

Due t o  t h e i r  p a r t i c u l a r  re levance t o  an  understanding of elastic ef-  

fects i n  emulsions ,as w e l l  as perhaps i n  s o l u t i o n s  of deformable macro- 

molecules,  mathematical  models f o r  suspensions of deformable e l a s t i c  par- 

t ic les  have received a good deal of a t t en t ion .  Following t h e  work of 

F s h l i c h  and Sack (1946) on t h e  i r r o t a t i o n a l  flow of d i l u t e  suspens ions  of 

e l a s t i c  spheres, Oldroyd (1953, 1935) treated suspensions of l i q u i d  drop- 

l e t s  e x h i b i t i n g  i n t e r f a c i a l  effects and he raised some i n t e r e s t i n g  ques t ions  

as t o  the appropr i a t e  gene ra l i za t ions ,p f  FAhlich and Sack’s equa t ions  t o  

g e n e r a l  f lows with r o t a t i o n  included,  More r e c e n t l y  Giesekus (1962) has 

made both  exper imenta l  and t h e o r e t i c a l  s t u d i e s  of deformable par t ic les  i n  

c e r t a i n  tyyes of s h e a r  fielde, the  t h e o r e t i c a l  s t u d i e s  d e a l i n g  wi th  sim- 

p li f i e d  hydrodynamic mode Is 

The present analysis treats suspensions of sol id  v i s c o e l a s t i c  spheres, 

a problem considered earlier by Cerf (1951) i n  connect ion wi th  a s tudy  of  

flow b i r e f r ingence  of polymer so lu t ions .  However, C e r f  d i d  not  cons ide r  

t h e  rheology of such suspensions i n  g r e a t  detail,  and t h e  p r e s e n t  s tudy  

was undertaken i n  t h e  hope of e l u c i d a t i n g  t h e  effect of shear-induced par- 

t i c l e  deformation and r o t a t i o n  on suspension behavior ,  when such effects as 

Brownian motion can be coneidered neg l ig ib l e .  

After cons ider ing  first he re  t he  motion of i n d i v i d u a l ,  i s o l a t e d  par- 

t icles suspended i n  a Newtonian f l u  

d i lu t e  suspensions* 
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. 1.1 Kotion of a s i n g l e  v i s c o e l a s t i c  sphere i n  a homogeneous v e l o c i t y -  
- grad ien t  f i e  I d ,  

We wish t o  d e r i v e  here t h e  equat ions desc r ib ing  t h e  s imul taneous .  

r o t a t i o n  and deformation of a s i n g l e  v i s c o e l a s t i c  par t ic le  placed i n  a t i m e -  

dependent flow f i e l d  of a n  incompressible  Newtonian f l u i d  w i t h  a homo- 

geneous, i .e,j spatially uniform, v e l o c i t y  grad ien t .  

W e  s h a l l  assume t h a t  t h e  p a r t i c l e  is  composed o f  a homogeneous and 

i s o t r o p i c ,  s o l i d - l i k e  material and t h a t ,  i n  i t s  n a t u r a l  o r  undeformed, 

stress-free state, the par t ic le  i s  s p h e r i c a l  i n  shape, Furthermore, we 

s h a l l  suppose t h a t  t h e  r h e o l o g i c a l c o n s t i t u t i v e  equat ion  o f  t h e  s o l i d  i s  

known so  t h a t ,  once t h e  stress h i s t o r y  i s  completely s p e c i f i e d  o v e r  t h e  

sur face  of t h e  particle, i t s  ins tan taneous  de fonaa t ion  can  i n  p r i n c i p l e  

\.. 

b 

be determined. 

The problem c o n s i s t s  t h e r e f o r e  of determining t h e  motion and deforma- 

t i o n  of t h e  par t ic le  when it i s  placed i n a n i n f i n i t e  flow f i e l d  whose 

(time-dependent ) v e l o c i t y  d i s t r i b u t i o n ,  t h e  "undis turbed" flow, i s  pre- 

sc r ibed  far  f r o m  t h e  p a r t i c l e .  This  i s  a well-known type of problem which 

involves  t h e  simultaneous s o l u t i o n  of t h e  equa t ions  of motion of t h e  f l u i d  

and of t h e  particle, wi th  a matching of t h e  local &tress v e l o c i t y  o r  d i s -  

placement a t  t h e  par t ic le  surface, Since w e  s h a l l  assume h e r e  t h e  absence 

of i n t e r f a c i a l  effects, t h i s  matching can  be imposed on  a l l  t h e  components 

of t h e  v e l o c i t y  v e c t o r  and stress tensor. 

Ne stell f m h e r  ass- tht "c3e density of the ,pirt2cLes fs ideztzcz: 

and, t o  t h a t  of t h e  f lu id ,o r  that buoyancy forces are o the rwise  n e g l i g i b l e  

3 
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. as an  approxiination, t h z t  i n e r t i a l  forces  o r e  everywhere n e g l i g i b l e  beside 

motion of t h e  f l u i d  reduce t o  t he  well-known Stokes equat ions :  

where 2 = x ( x , t )  and p = p ( Z , t )  are  t h e  vec to r  velocity f i e l d  and t h e  p r e s -  

s u r e  f i e l d  i n  t h e  f l u i d  and the f l u i d  v i s c o s i t y ,  w i t h  ;E and t denot ing ,  
* 

r e spec t ive ly ,  t h e  p o s i t i o n  vec to r  and t i m e .  The c r i t e r i a  for v a l i d i t y  of 

t h e  Stokes approximation f o r  p r o b l e m  of t h e  p re sen t  type have been rather 
1.- 

throughly diEcusEed elsewhere (e.g., by Happel and Brenner, 1965) and w e  

s h a l l  no t  e l a b o r a t e  f u r t h e r  h e r e  on  t h i s  po in t .  

Now, once t h e  appropr i a t e  r h e o l o g i c a l  equa t ion  f o r  t h e  p a r t i c l e  i s  

s p e c i f i e d  a second equat ion  of motion, t h e  analogue of (l.l), can  be w r i t t e n  

down f o r  t h e  reg ion  occupied by t h e  p a r t i c l e .  

t i t i e s  refer t o  t h i s  reg ion  and matching v e l o c i t y  and stress a t  t h e  s u r -  

"hen, l e t t i n g  primed quan- 

face of t h e  p a r t i c l e  j ' ( t ) ,  say, w e  &ha l l  have: 

where T'(r,t) i s  t h e  stress tensor ,  a second-order t e n s o r  --e 

here, w e  s h a l l  mainly employ Gibbs'  dyadic n o t a t i o n  f o r  t e n s o r s  i n  t h e  

fo l lowing  analysis, wi th  vec to r s  and t e n s o r s  denoted by bold face lower- o r  

upper- ca s e letters , re spec t i v e  ly . 
One f u r t h e r  cond i t ion  on f l u i d  v e l o c i t y ,  f a r  from t h e  particle, w i l l  

t h e n  suffice i n  p r i n c i p l e  fo r  de termina t ion  of the motion. Letting 5 
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denote henceforth t h e  p o s i t i o n  vec to r  r e fe r r ed  t o  t h e  mass c e n t e r  of t h e  

p a r t i c l e ,  we s h a l l  take t h i s  remaining condi t ion  t o  be 

where r = 1x1 and c ( ' ) ( t>  is  a veloc i ty-gradien t  t e n s o r ,  z ( O )  being t h e  

"undisturbed" flow ve loc i ty .  

Having thus  posed t h e  problem, a t  least up t o  a s p e c i f i c a t i o n  o f  t h e  

rheo log ica l  equat ion f o r  t he  p a r t i c l e ,  we are led now t o  a n  observa t ion  

which w i l l  g r e a t l y  f a c i l i t a t e  i t s  so lu t ion .  

of t h e  p a r t i c l e  i s  homogeneous and  i s o t r o p i c  and i f  i t s  ins tan taneous  strain 

depends only  on t h e  past h i s t o r y  o f  e t r e s s ,  it i s  p l a u s i b l e  t o  suppose, a t  

least f o r  s o l i d - l i k e  materials, t h a t  t h e  motion of t h e  o r i g i n a l  sphere w i l l  

c o n s i s t  of a r i g i d  body r o t a t i o n  p l u s  a homogeneous deformation o r ,  more 

p r e c i s e l y ,  t h a t  t h e  ve loc i ty-gradien t  f i e l d  i s  homogeneous i n s i d e  t h e  par- 

t i c l e .  

of all, t h a t  under a homogeneous deformation a s p h e r i c a l  o r  e l l i p s o i d a l  

p a r t i c l e  w i l l  be transformed a t  any i n s t a n t  i n t o  a n  e l l i p s o i d ;  f u r t h e r -  

more, one can deduce f r o m  c l a s s i c a l  work of Jeffrey (1922) t h a t ,  f o r  t h e  

motion of F ig id  s o l i d  e l l i p a o i d a  i n  homogeneous ve loc i ty -g rad ien t  f i e l d s ,  

t h e  f l u i d  stress on t h e  su r face  of  t h e  e l l i p s o i d s  g ives  rise t o  a homogeneous 

s t r e s s  f i e l d  i n s i d e  t h e  e l l i p s o i d .  

t h a t  a homogeneous stress h i s t o r y  gives rise to homogeneous s t r a i n  i n  the  

p a r t i c l e ,  it remains on ly  t o  show t h a t  J e f f r e y ' s  r e s u l t  carries over  t o  

deformable Epheres o r  e l l i p s o i d s .  Indeed t h i s  is  p o s s i b l e  and, moreover, 

t h e  complete s o l u t i o n  t o  t h e  p re sen t  problem can be cons t ruc ted  r e a d i l y  by 

I n  p a r t i c u l a r ,  i f  t h e  material 

This  suppos i t ion  can be j u s t i f i e d  h e u r i s t i c a l l y  by not ing ,  f irst  

Provided then ,  i n  t h e  p re sen t  case ,  
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a s l i g h t  m d i f i c a t i o n  of Jeffrey's r e s u l t s ,  as w e  now show. 

1.2 Extension of Jeffrey's r e s u l t  t o  deformable e l i i p s o i d s .  

Firs t  of a l l ,  w e  begin  by assuming t h a t  t h e  stress i n s i d e  t h e  par- 

. 4  
- .' 

t i c l e  i a  homogeneous; as a consequence, w e  can express t h e  v e l o c i t y  2' 

i n  t h e  first equat ion  of (1.2) by 

V' = r9.Z 
N N 

wnere L' = ; ' ( t ) ,  independent of p o s i t i o n ,  i s  t h e  ve loc i ty-gradien t  t e n s o r  

i n s i d e  t h e  particle. 

t e n s o r  g'  and a n  antisy;mnetric " ro ta t ion"  t e n s o r  E ' ,  w e  have 

N e x t ,  decomposing L' i n t o  a symmetric s t r a i n - r a t e  
%, 

u r '  = N E' + ~1 (1.4) 

L and the a n g u l a r  v e l o c i t y  vector o f  t he  particle i s  simply - - Vec 2' . 
Thus, Equation (1.2) can  be replaced by 

2 

where A ' ( t )  i s  now a n  e l l i p s o i d a l  surface.  

given g'  and E', t h e  f l u i d  not ion  o u t s i d e  t h e  par t ic le  could be determined 

f r o m  (l.l), (1.3) and (1.5). 

It follows t h e n  tha t ,  f o r  a 

I n  c o n t r a s t  t o  t h e  foregoing problem statement ,  t h e  problem treated 

by Jeffrey r e q u i r e s  t h e  s o l u t i o n  of Equation (1.1) s u b j e c t  t o  t h e  condi- 

t i o n s  

for r + w 

where a g a i n  8' (t) is  a n  e l l i p s o i d a l  s u r f a c e  and where E' = fi' (t) and 
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. N r(') = w ,"{")(t). These equat ions  govern t h e  motion of  a r i g i d  e l l i p s o i d  i n  

t h e  absence of  any e x t e r n a l l y  appl ied  force, and as s h w n  by Jeffrey t h e  

s o l u t i o n  t o  t h i s  problem permi ts  de te rmina t ion  of R ' ,  N i .e.,  of t h e  p a r t i c l e  

r o t a t i o n ,  once l"(O) and any extraneous to rques  on t h e  par t ic le  are s p e c i f i e d .  
N 

Consider ing he re  t h e  case of zero t o r q u e  only ,  w e  denote  Jeffrey's so lu -  

t i o n  for t h e  f l u i d  veloci ty ,  p re s su re  field, ,  and particle r o t a t i o n ,  respec- 
t 

t i v e  l y  , by 

and 

without  w r i t i n g  any of t h e s e  down more explicitely for t h e  moment. How- 

ever ,  because of  t h e  l i n e a r i t y  of Equations (1.1) and due t o  t h e  absence 

of t i m e  d e r i v a t i v e s  i n  t h e  problem, it follows immediately from (1.6) t h a t  

t h e  func t ions  

w i l l  sa t isfy (Ll), (1.3) and (1.5), provided o f  course  that the s u r f a c e  

J ' ( t )  i n  (1.5) i s  t aken  t o  co inc ide  in s t an taneous ly  w i t h  t h a t  i n  (1.6)~ 

and provided f u r t h e r  t ha t  

7 



where "tr" denotes  t h e  trace of a tensor .  This  latter cond i t ion  corresponds 

t o  i n c o n p r e s s i b i i i t y  of t h e  p a r t i c i e s  anci, a i tnougn it cioes no t  appear t r ~  

be s t r i c t l y  necessary t o  t h e  proof a t  hand, w e  s h a l l  assume hencefor th  t h a t  

t h e  par t ic les  are indeed composed of an  incompressible  material. 

It remains now on ly  t o  observe t h a t  Jeffrey's r e s u l t s  y i e l d  fo r  t h e  

c 

(1.10) 

stress ( t e n s o r )  f i e l d  

N T = N T ' [ r ( o ) ; t )  f o r  N r o n A ' ( t >  

i.e., ;' i s  independent of p o s i t i o n  on t h e  par t ic le  surface. 

It follows r e a d i l y  then', f r o m  the  equa t ion  o f  equ i l ib r ium of f o r c e s ,  tha t  

T '  r e p r e s e n t s  t h e  stress t e n s o r  a t  any p o i n t  i n s i d e  t h e  e l l i p s o i d ,  i f  i n -  

e r t i a l  effects are neg l ig ib l e ,  Otherwise s t a t e d ,  t h e  f l u i d  stress produces 

a homogeneous stress i n s i d e  a r i g i d  e l l i p s o i d ,  a fact  emphasized earlier by 

N 

Cerf (1951). 

equat ion  should be replaced by 

On t h e  o t h e r  hand, for  a deforming e l l i p s o i d  t h e  preceding  

T 
N 

f o r  ,r on ,&'(t) (1.11) 

which can be deduced f r o m  (1.9), as w i l l  be shown i n  t h e  fo l lowing  sec t ion .  

Hence, it follows t h a t  o u r  i n i t i a l  assumption of homogeneous s t r a i n  

i n  t h e  par t ic le  i s  j u s t i f i e d  provided, of course,  t h a t  t h e  homogeneous stress 

i n  (1.10) i s  r h e o l o g i c a l l y  c o n s i s t e n t  w i t h  such a deformation. Moreovei, 

as ind ica t ed  by (1.9), t h e  s o l u t i o n  t o  t h e  p re sen t  problem can  be de r ived  

d i r e c t l y  f r o m  Jeffrey's r e s u l t s ,  and we s h a l l  now exploit t h i s  r a t h e r  

f o r t u n a t e  circumstance,  - 

8 



1. j Motlon of a s l igh t ly  deformable sphere. 

I n  the present work we sha l l  r e s t r i c t  our a t tent ion t o  spherical par- 

t i c l e s  w i t h  suff ic ient  r i g id i ty  t o  insure tha t  t h e i r  deformations a r e  a l -  

ways small, although t h i s  i s  not s t r i c t l y  necessary f o r  va l id i ty  of the 

analysis. I n  particular,  and exactly as is  done i n  the c l a s s i ca l  ( l inear )  

theory of e l a s t i c i ty ,  w e  sha l l  assume tha t  second- and higher-order terms 

i n  the (components of t he )  s t r a i n  tensor are a l l  negligible. The necessary 

conditions f o r  small s t r a i n s  i n  t h e  present problem w i l l  be stated more pre- 

c i  se ly be low. $.. 

We le t  now a. denote the radiue of the underformed sphere and 

a i ( t ) ,  i=l ,2,3,  the  semi-principal axes of the e l l ipso id  resul t ing f r o m  

i t s  deformation. Denoting fur ther  the f i n i t e  s t r a i n  tensor by c' and the 

Cauchy-Green deformation tensor by 2' w e  s h a l l  d e f i n e  t h e  lat ter by taking 

i t s  components t o  be 

f o r  i=j  

f o r  i f j  
G' 
i j  

(1.12) 

L 

on a n  orthogonal Cartesian coordinate system x i (  i=1,2,3) chosen t o  coincide 

with the principal axes of deformation, while w e  d e f i n e  the former by 

on an a rb i t ra ry  system. The equation of the (e l l ipso ida l )  surface of the 

par t ic le  i E  merely tha t  of the ell ipsoid of the tensor G ' ,  i.e., 
N 



. 

tne l a s t  equality holding of course i n  any coordinate frame. 

By different ia t ing the preceding relat ion wi th  respect t o  t and by 

nQting tha t  

one has that 

or, i n  terms of c' and E ' ,  t ha t  

Here, ( r ' )  t denotes t h e  transpme or dydadic conjugate of C' which by (1.3) 
N 

i s  

since (E')t H = CI E' and (S2')+ N = 4'. N Equation (1.14) w i l l  be recognized a s  

the def ini t ion of E '  i n  terms of a "convected" derivative of C ' .  
N N 

I n  o d e r  t o  express cer ta in  of Je f f rey ' s  r e s u l t s  i n  the present nota- 

t ion,  w e  r eca l l  t ha t  the components of $'  on the axes of the el l ipsoid a re  

L 

i ,J=l,2,3* Hence, f o r  the present purposes, it suff ices  t o  consider the  

semi-principal axes of the el l ipsoid i n  Je f f rey ' s  paper t o  be functions of 

time a i ( t ) .  

However, by res t r ic t ing  ourselves t o  the case of small s t ra ins ,  w e  

have t h a t  

10 
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(1.16) 

with  s i m i l a r  equa t ions  f o r  i=2,3. If then  these express ions  f o r  a i ( t )  

i n  terms o f  t h e  C i i ( t )  are s u b s t i t u t e d  i n t o  Jeffrey's express ion  f o r  t h e  

f l u i d  stress on t h e  su r face  of a r i g i d  ellipsoid, one f i n d s  af ter  some 

a lgebra  t h a t  t h e  components of t h e  s t r e s e  t e n s o r  i n  (1.10) 3' expressed 

on t h e  axes of t h e  e l l i p s o i d  are 

wi th  similar express ions  f o r  Ta2', Tal, etc., ob ta ined  by c y c l i c  permuta- 

t i o n  of t h e  i n d i c e s  I, 2, 3 .  H e r e  p ( O )  = p( ' ) ( t )  i s  t h e  undis turbed p res -  

( t )  are t h e  components s u r e  f i e l d  far f r o m  t h e  e l l i p s o i d ,  E i j  

of t h e  deformation-rate  t e n s o r  f o r  t h e  undis turbed flow (aga in  expressed 

on t h e  axes of t h e  e l l i p s o i d ) ,  and 0 ( C t 2 )  denotes  q u a n t i t i e s  which involve  

terms of t h e  second o r d e r  i n  Cll', CZ2', and C 3 3 ' .  To d e r i v e  t h e  preceding  

r e l a t i o n s  f r o m  those  g iven  by J e f f r e y ,  w e  have made use of t h e  fact t h a t  

t h e  cond i t ion  f o r  incompress ib i l i t y  of t h e  s o l i d  sphere : 

(0 ) 
= E i j  

(0 1 

3 - a l a s 3  = 60 w! N C 1  

reduces f o r  small t o  

c 11 e 2 2  ' +c33 ' -2 (c 11 I C 2 2  ' +c 11 IC33 ' +C22'C33 ' ) + 0 (c 13) = 0 

I n  t h i s  regard w e  should note  t h a t  i t  is  necessary  t o  r e t a i n  t h e  terns of 

t h e  second o r d e r  i n  t h e  preceding r e l a t i o n  as w e l l  as t h o s e  i n  (1.16) 

11 
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if one is t o  arr ive a t  the correct expression for terms of the f i rs t  

order i n  (1.17) (by expansion of t h e  integrais,  denoted by Qo, Bo, 

70,..., i n  Jeffrey',s paper,in terms of the  C i i ) .  

Now, Equation (1.17) can be expressed i n  dyadic notation by noting 

tha t  on t he  present coordinate system (C' =0, i f j )  it i s  merely i J  

where 

and 

(1.18) 

Also, 

tensor f o r  t h e  undisturbed flow In Jeffrey 's  problem. 

denotes the  unit  tensor and i s  of course the  deformation r a t e  

Stated i n  the form 

(l.l8), the above relat ion must be valid now on any coordinate system. 

Now, since we are  dealing here with isotropic materials, it i s  neces-~ 

sary t o  consider only the  deviatoric s t ress  tensor, o r  non-isotropic part 

of x, defined by 

- p = 2 + P L  (1.191 

where 

i s  the pressure. I n  terms of €', (1.18) becomes then 

which gives the deviatorlc stress i n a i d e  r igid e l l ipso ids  due t o  the  

12 



a c t i o n  o f  f l u i d  stresses a t  t h e  surface.  For incompressible  Newttonian 

f l u i d s  t h e s e  stresses are g iven  by 

P = 2 p E  
H 

(1.21) 

where 

i s  t h e  deformation rate t e n s o r  f i e l d  fo r  t h e  f l u i d  (5 h a s  components 

avi/ax; on a n  or thogonal  C a r t e s i a n  system xi). It follows t h e n  f r o m  t h e  

c o n s i d e r a t i o n s  of the preceding s e c t i o n ,  i n  p a r t i c u l a r  f r o m  t h e  first 

equat ion  of ( L g ) ,  t h a t  f o r  deformable e l l i p s o i d s  w e  s h a l l  have now 

i n s t e a d  of (1.20) 

where 

A H = H A ( t )  = N E( ' ) ( t ) -Z ' ( t )  

(1.22) 

and 

C' = C ' ( t )  
N w 

E'  and C' being related by (2.14). 
N N 

Now, Equation (1.14) c o n t a i n s  R ' (t), t h e  (unknown) r o t a t i o n  t e n s o r  

f o r  the particle,  and w e  c a n  also d e r i v e  equat ions  f o r  t h i s  t e n s o r  from 

Jeffrey's r e s u l t s ,  I n  fact ,  one can show easily t h a t  Jeffery's formula 

for  r o t a t i o n  i n  t h e  absence of torque can  be expressed i n  t h e  p r e s e n t  

n o t a t i c n  as 

m 

AQ+c'-(AQ)+(M)*C' m m  N N N  = N E(0).,',C'.E(o) N N H  (1.24) 



where 

N = Q1,QiOj N N  (1,251 

Q(O) m denoting the rotation tensor of the undistrubed flow. 

has put t h i s  r e s u l t  i n  a different  form, involving a third-order tensor) .  

Again, it follows f r o m  the  preceding section, Equation (l.9), t h a t  f o r  de- 

forming el l ipsoids  the tensor 

tensor of (1.23). 

result ing equation f o r  Q yields ,  on solution by ''successive approximations, 

(Giesekus (1962) 

i n  (1.24) should be replaced by the 

Hence, with the approximation of small s t ra in ,  the 

n 

5.. 

AQ u = &pp& ( ) (c" )  (1.26) 

where O ( C ' * )  denotes terms involving the squares of the components of E'. 

It should a l so  be p o i n t e d  out here tha t ,  a8 is the  case f o r  a r ig id  

el l ipsoid,  the resultant force on a deforming el l ipsoid can readi ly  be 

shown t o  vanish, which means i n  t h e  present context t h a t  the el l ipsoid 

noves with the mean velocity of t h e  undisturbed flow, as presupposed by 

(1*3)*  

I n  summary now, w e  note that Equations (1.14), (1.22) and (1.26), to- 

gether with the appropriate rheological equation f o r  t he  pa r t i c l e  re la t ing  

E ' ( t )  t o  P ' ( t )  or,  more generally, t o  the stress h is tory  ( P ' ( t l ) ,  -CO - -  <tl<t) 

would represent four equations involving four unknown tensor quant i t ies  

g', c ' ,  E.', and Q'. 

&(')(t) t h i s  system should be determinate, subject of course t o  the 

N m w 

It appears t h a t  fo r  a given velocity gradient tensor  

appropriate set of i n i t i a l  conditi'ons. 
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I n  closing here, w e  should emphasize tha t  the above analysis i s  

necessarily res t r ic ted t o  par t ic les  whose rheology is  consistent with 

the assumption tha t  the homogeneous surface stress of (1.22) implies 

fLnite homogeneous deformation. (Thus, i n  general, the analysis would not 

be applicable t o  droplets of a Newtonian f lu id  with a viscosi ty  d i f fe ren t  

fmm tha t  of the surrounding f luid.)  We sha l l  consider below a specif ic  

rneological model f o r  the par t ic le&,  a f t e r  some consideration of the  

macmacopic rheology of pa r t i c l e  Euspensions. 

I.- 

2. DILUTl3 SUSPENSIONS OF VISCOEUSTIC SPKERES 

Having a t  our disposal now the  equations which govern the motion of 

individual, isolated viscoelastic spheres i n  Newtonian shear f i e l d s ,  w e  

should like n e x t  t o  use them t o  determine rheological behavior of suspen- 

Eions of such par t ic les .  However, despite the wealth of papers dealing with 

the rheology of d i lu t e  systems, it appears that none of the  techniques pre- 

viously employed are of suff ic ient  generali ty t o  permit one t o  proceed 

systematically f r o m  a d e t a i l e d  knowledge of individual pa r t i c l e  behavior, 

o r  "microj#heology," t o  a prediction of the  macroscopic behavior, o r  "macro- 
r 

rheology," of suspensions. Therefore, it is. appropriate here t o  es tab l i sh  

b r i e f ly  the technique t o  be employed i n  the present work. This technique 

is  eEsentially a n  extension of t h a t  already used by Giesekus (1962). 



scopic  scale, w e  have t h a t  

where n i s  t h e  u n i t  o u t e r  normal t o j ( t ) .  

from t h e  d e f i n i t i o n  of 2 and t h e  second f r o m  a n  elementary r e s u l t  of v e c t o r  

The f i rs t  equality he re  follows 
N . 

ca lcu lus ,  provided t h a t  2 i s  continuous across t h e  par t ic le  boundaries  

v '1' ( t ) ;  f i n a l l y ,  the  t h i r d  equality is,,a consequence of (3.l), t o g e t h e r  w i th  

t h e  (dyadic)  r e l a t i o n  

r n d S  = V L  ss 
2 (t)  

(0 1 and i t s  t ranspose ,  where V i s  t h e  volume o f @ ( t ) .  Thus, by (2.2),  r ( t )  
N 

i s  seen t o  be i d e n t i c a l  t o  t h e  volume average of t h e  (microscopic)  v e l o c i t y -  

g rad ien t  t e n s o r  r(r,t).  
N N  

We s h a l l  now assume t h a t  t h e  sample, which i s  i n i t i a l l y  homogeneous, re- 

mains homogeneous under t h e  above deformation and s h a l l  p o s t u l a t e  t h a t  en- 

semble o r  "sample" averages  of stress and v e l o c i t y  g r a d i e n t  can  be rep laced  

by t h e i r  r e spec t ive  volume averages over  t h e  r e p r e s e n t a t i v e  sample. De- 

not ing  t h e s e  averages  by t h e  b r a c k e t s  < > w e  s h a l l  have then ,  by (2.2), 

t h a t  

L e t t i n g ,  as before ,  I?(.r,t) denote  t h e  d e v i a t o r i c  stress t e n s o r  and no t ing  

t h a t  (1.21) holds  everywhere i n  t h e  f l u i d ,  w e  see r e a d i l y  t h e n  t h a t  

1-7 
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where cp denotes  t h e  r a t i o  of  t h e  volume of  @.'(t) t o  t h a t  of @ ( t ) ,  i.e., 

t h e  volune f r a c t i o n  of t h e  p a r t i c u l a t e  phase a'(t), and where t h e  primes 

denote  a n  average ove r  @"(t). 

I n  l i g h t  of (2.3), t h e  r e l a t i o n  (2.4) can be expressed as 

(0) where E 

forrnatign. It i s  a r e l a t i v e l y  easy matter t o  show t h a t  f o r  r i g i d  par t ic les  

(E' f 2) t h e  r e l a t i o n  (2.5) reduces t o  t h a t  employed by Giesekus (1962). 

is  t h e  deformation-rate  t e n s o r  corresponding t o  t h e  imposed de- 
N 

i.. 

I n  order now t o  apply (2.5) t o  t h e  p re sen t  problem, w e  s h a l l  assume, 

as is  u s u a l  f o r  d i l u t e  suspensions ( cp  << l), t h a t  t h e  i n t e r a c t i o n  between 

p a r t i c l e s  i s  n e g l i g i b l e  and, fol lowing Happel and Brenner (1965), t h a t  t h e  

boundary cond i t ion  of (2.1) can be replaced by t h a t  of ( 1 . 3 ) .  I n  o t h e r  

words, cons ider ing  any a r b i t r a r i l y  chosen p a r t i c l e ,  t h e  v e l o c i t y  d i s t r i b u t i o n  

i n  i t s  v i c i n i t y  i s  assumed t o  be governed by (l.l), (1.3) and (1.5). Under 

t h e s e  circumstances it is  assumed then  t h a t  Equat ions (1.22) t o  (1.26) w i l l  

correctly desc r ibe  t h e  motion of any p a r t i c l e  t o  terms of o r d e r  cp2, f o r  

given i n i t i a l  cond i t ions  on i t s  o r i e n t a t i o n  and deformation a t  some par- 

t i c u l a r .  i n s t a n t  of t i m e .  

Since w e  have r e s t r i c t e d  t h i s  analysis t o  particles which are i n -  

t r i n s i c a l l y  s p h e r i c a l  and have assumed t h e  absence of t o r q u e s  on t h e  p a r t i c l e ,  

due t o  e x t e r n a l  f i e l d s  o r  Brownian effects, it i s  reasonable  t o  assume f u r t h e r  

t h a t ,  subsequent t o  any i n i t i a l  state of rest o r  of isotropic stress i n  t h e  

18 



sarrple of suspension, t h e  motion and o r i e n t a t i o n  of t h e  i n d i v i d u a l  par -  

t i c l e s  should be i d e n t i c a l ,  provided of course t h a t  t h e  p a r t i c l e s  a l l  have 

the  same rheologice.1 behavior.  Assuming t h i s  t o  be t h e  case ,  we can t h e n  

rep lace  (2.5) simply by 

wnere ;e'(t) and ; 6 ' ( t ) ,  t h e  same now f o r  a l l  p a r t i c l e s ,  are t o  be determined 

fmm t h e  r e l a t i o n s  given i n  t h e  preceding s e c t i o n ,  s u b j e c t  t o  t h e  cond i t ion  

- 

tr 
i n  some i n i t i a l  state, say, a t  t = 0. 

( 0 )  As i s  usua l  now, t h e  stress and t h e  ve loc i ty -g rad ien t  l7 are 
N 

taken t o  r ep resen t  q u a n t i t i e s  observed on t h e  macroscopic l e v e l  a t  a 

material "point" i n  t h e  suspension. 

2.2 Suspensions of v i s c o e l a s t i c  spheres .  

We cons ider  now a suspension of v i s c o e l a s t i c  spheres  whose r h e o l o g i c a l  

behavior  i s  assumed t o  be descr ibed  by t h e  c o n s t i t u t i v e  equat ion  

1' denot ing a v i s c o e l a s t i c  operator of t h e  form 

where k, a l ,  a2,... and b l ,  b2,... are cons tan t s  and where, f o r  any second 

o r d e r  tensors B ( t )  a s soc ia t ed  wi th  a p a r t i c l e ,  the ope ra t ion  &'/$-t i s  de- 

f ined  by 

N 



9,' being t h e  r o t a t i o n  t e n s o r  f o r  t h e  p a r t i c l e .  Thus, f o r  
N 

al = a2 = e . .  = b l  = b2 = ... = 0 (2.10) 

t h e  par t ic le  i s  purely elastic and t h e  cons tan t  k (with dimensions of 

stress) i s  t h e  elastic modulus of  t h e  material. 

The cond i t ion  of s m l l  s t r a i n  i n  the  par t ic le ,  which was p o s t u l a t e d  

i n  Sec t ion  2, can now be formulated somewhat more p r e c i s e l y  by r e q u i r i n g  

t h a t  t h e  c h a r a c t e r i s t i c  f l u i d  stregs on t h e  par t ic le  be much smaller than  

t h e  e las t ic  modulus k. I n  teras of thgmacroscopic  deformation t e n s o r  

C I p  = (0 1 

t h i s  cond i t ion  i s  e s s e n t i a l l y  equiva len t  t o  t h e  requirement  t h a t  

where 

i s  t h e  ';hear ratelland p i s  

It w i l l  be  convenient 

7 

(2.11) 

(2.12) 
' -  N N 

2 
t h e  v i s c o s i t y  of t h e  suspending f h i d .  

i n  t h e  fol lowing d i s c u s s i o n  t o  a t t r i b u t e  forma'lly 

a n  order of magnitude t o  va r ious  t e n s o r  q u a n t i t i e s ,  and w e  s h a l l  employ fo r  

t h i s  purpose t h e  0-nota t ion  a l r e a d y  employed above, wi th  t h e  understanding 

t h a t  it a p p l i e s  t o  t h e  i n d i v i d u a l  components of tensors .  I n  a d d i t i o n  t o  

t h e  dimensionless  number E def ined  by (2.11) w e  s h a l l  hence fo r th  inc lude  

o t h e r  p h y s i c a l  parameters i n  t h e  0-notat ion t o  i n d i c a t e  t h e  p h y s i c a l  dimen- 

s i o n s  involved. 
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By employing (1.14) and (1.26) and assuming hencefor th  t h a t  $' 

i s  O ( E )  w e  have then  t h a t  

where t h e  o p e r a t o r & / & t  i s  def ined ,  f o r  second order t e n s o r s  g ( t )  by 

(2.14) 

and t h e  t e n s o r  A, i s  def ined  by (1.23). 

We s h a l l  p o s t u l a t e  f u r t h e r  now t&t a l l  term of  t h e  second o r d e r  i n  

var ious  kinematic t e n s o r s  which desc r ibe  t h e  motion of t h e  p a r t i c l e ,  

s ' ,  g1,.6G'/r8t, etc., can  be neglected.  I n  view of t h e  t ime-de r iva t ives  

volved i n  var ious  of  these t enso r s ,  it i s  necessary  t h e n  t h a t  w e  place re- 

s t r i c t i o n s  on t h e  magnitudes of t h e  t i m e  rates of change of c e r t a i n  quan- 

t i t i es .  However, being unable a p r i o r i  t o  formula te  such r e s t r i c t i o n s  i n  

a p r e c i s e  way, we s h a l l  assume f o r  p re sen t  purposes  t h a t  t h e  term&G'/,& t 

i n  (2.13) is  0 (q), and, a6 a consequence, t h a t  E'  i s  formally o(q). 

Hence (2.13) can i n  a fo rma l ly  c o n s i ~ t e n t  w a y  be replaced by 

- 

Furthermore, w e  can then  simplify (1.22) t o  

and, w i th  appropriate r e s t r i c t i o n s  on h igher -order  t i m e  d e r i v a t i v e s ,  t h e  

in -  

21 



c 

expression (2.8) for the operator 0' can b e  replaced i n  t h e  following , I  

analysis by 
/.5 

E+... I . $  = z  1 1 + a&) + a 2 ( d  (2.17) 
1 + br(&) + b2&Y + ... 

obtained by subst i tut ing 4/69 t f o r  b'/& t. 

Hence, by (2.7), (2.16) and (2.17) w e  f i n d  t h a t  

o r  formally t ha t  

- C' = 5 P j  @ ) I  + &E2) (2.18) 

s 
Substitution of (2.18) in to  (2.16) give$ t h e n  

Employing these approximations and writing henceforth E f o r  

E(') = < E > and P for < P > we find then, on subst i tut ion of (2.19) in to  

(2.6), tha t  

- #u .cI H 

I n  order now t o  eliminate E '  from t h i s  equation w e  d e f i n e  an operation 
CI 

22 



where f 1s defined now by (2.17). fJext, applying t h i s  operation t o  (2 .6 )  

I 

arid taking account of (2.7) and (2.15) and (2.17), w e  f i n d  t ha t  

(2.21) 

Finally, by applying the operator 

1 - 2pm 

t o  both sides of (2.20) and subtracting the result ing equation from (2.21), 

w e  have, as the rheological consti tutive equation f o r  the suspension, 

(2.22) + - 25 cPP2 [3@'& Q I + j  @I ;@-2(g:Jl Igl )LI 
7 

t o  terms which a re  formally 0 (yppe2).  

operator 

m i l e  Q i s  tne volume fraction of the par t iculate  phase. 

It w i l l  be recalled tha t  t h e  

i s  defined by (2.17) and t h e  derivative #/bt  by (2.14) B 
I n  order f o r  (2.22) t o  apply t o  an a rb i t ra ry  flow f i e l d  of the suspen- 

sion i n  question it i s  necessary t o  interpret  E and 3 a s  t h e  local  s p a t i a l  

values  of t h e  macroscopic stress and deformation-rate tensors E(x,t) and 

&(x,t) ,  say, and t o  postulate t ha t  t h e  Euspended pa r t i c l e s  a r e  suf f ic ien t ly  

srnall tha t  higher-order d e r i v a t i v e s  of the macroscopic velocity f i e l d  do 

not a f fec t  the rheological behavior of the  suspension, i.e., t h a t  the 

assumption of noniogeneous s t r a i n ,  f o r  t h e  macroscopic sample volume con- 

sidered abovg remains valid. 

mean velocity of the f l u i d ,  t h e  derivative &/,6 t of (2.14) can be interpreted 

Moreover, since the par t ic les  move with the  

23 



as the Jamznn derivative,  which f o r  a second-order tensor f i e ld  g(r,t> 
> i s  defined by 

where = ll(r,t) i s  the local  rotation tensor and where 

(2.24) 

i s  the xa t e r i a l  derivative, with 2 = x ( r , t )  denoting the  local  flow velocity- 

Considering now t h e  simplest example, t ha t  of purely e l a s t i c  spheres 

where (2.10) holds i n  (2.17), w e  see t h a t  (2.22) reduces t o  
\.. 

+ (pc1~  [EoE - $ (E:E)I] 
N N U  N U  7 

where 

3 P  
T = -  

2k 
(2.26) 

i s  a character is t ic  time parameter for  the system. 

As one can readily verify, the equation obtained by dropping the 

second term on the right-hand s i d e  (with coefficient WT) f r o m  (2.25) i s  

equivalent, t o  terms of 0 (ip2), t o  the equation derived by d h l i c h  and 

Sack (1946) f o r  the special  case of i r ro ta t iona l  flow, = 0. Our analysis 

shows, f i r s t  of all, t ha t  the appropriate generalization of Fr8hlick and 

Sack's equation t o  rotat ional  flow6 consists of replacing t h e i r  t i m e  de- 

r ivat ive by the Jaumann derivative,  thus answering a question which has 

been r a i s e d  by Oldroyd (1953). 
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r 

I I n  additton, t h e  r e s u l t  derived here contains nonlinear terms i n  t h e  

> deforration-rate tensor E which, according t o  the present aiislyeis, sriFe 
N 

f r Q m  the e l l i p t i c i s y  of the deformed spheres. 

t h a t  Fghhlich and Sack’s approximation of replacing the  pa r t i c l e  by a 

sphere, i n  order t o  simplify boundary conditions, i s  i n  error.  Of 

course, the  terns i n  question are multiplied by 

tha t  these terms should be discarded since w e  have already neglected terms 

of order q~~ as w e l l  as those of order 

Therefore it would appear 

and it might be argued 
.* ! 

= (I-Y)~. However, by adopting t h 5 s  

p o l n t  of view, w e  would be forced t o  ,?place terms like ~ ( 1  - - 5 c p ) ,  t he  co- 
3 

e f f i c i en t  of 

t ha t  of FAhlich and Sack. 

reasoning 

it t o  the  E i n s t e i n  equation 

i n  (2.25), by T alone, i n  our r e su l t  as w e l l  as i n  

This i s  obviously undesirable,for by such 

one could eliminate e l a s t i c  effects en t i r e ly  from (2.25) reducing 

p = 2 P ( l + F c p ) E  5 
N 

f o r  r ig id  spheres. 

I n  closing here, it is  interest ing t o  note t h a t  (2.25) i s  a spec ia l  

case of a general rheological equation already proposed by Oldroyd (1958). 

By means of the analysis presented i n  h i s  paper one deduces,that, i n  a 

steady simple-shear f l o w ,  a f luid described by (2.25) would exhibit  “shear 

thinning” and unequal  n o m 1  stresses i n  a l l  three directions,  a l l  d i r ec t ly  

proportional t o  T, while f o r  flow between rotat ing cylinders the  f lu id  

should exhibit  a posit ive Weissenberg climbing; effect. 
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